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Improved linear interpolation practice for finite-volume
schemes on complex grids
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SUMMARY

Methods for the computation of flow problems based on finite-volume discretizations and pressure-
correction methods frequently require the interpolation of control volume face values from nodal values.
The simple, often employed central differencing scheme (CDS) leads to a significant loss in accuracy
when the numerical grid is non-regular as it is usual when modelling complex geometries. An alternative
technique based on a multi-dimensional Taylor series expansion (TSE) is proposed, which preserves
the CDS-like sparsity pattern of the discrete system. While the TSE scheme computationally is only
slightly more expensive than the CDS approach, it results in a significantly higher accuracy, where the
difference increases with the grid irregularity. The method is investigated and compared to the CDS
approach for some representative test cases. Copyright © 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

A very popular class of methods for the numerical solution of flow problems in complex
geometries consists of the use of a finite-volume discretization on colocated boundary-fitted
grids together with a pressure-correction scheme for the solution of the discrete system. In
course of such an approach values of unknowns have to be evaluated repeatedly at the faces
of the control volumes (CV) from the values of the nodal points at the CV centres. For
this a proper interpolation scheme has to be applied in order to achieve a desired numerical
accuracy of the overall discretization scheme.

A standard choice for this interpolation, which is implemented in many commercial and
academic CFD packages, is the linear central differencing scheme (CDS) involving the val-
ues of two adjacent points to calculate the cell face values (see e.g. Ferziger and Peri¢ [1]).
In the one-dimensional case the asymptotic accuracy of this scheme is of second order. In
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626 T. LEHNHAUSER AND M. SCHAFER

two or three dimensions the second-order accuracy is only preserved, if the three points in-
volved in the interpolation are connected by a straight line, i.e. if the configuration is quasi
one-dimensional. In case of complex grids, which are required for modelling complex geome-
tries, this is usually not fulfilled. The accuracy of the scheme deteriorates in areas, where the
grid possesses such irregularities.

Peri¢ [2] investigated this effect for the computation of the convective fluxes for an inviscid
stagnation flow. He found unphysical kinks in the pressure distribution when using the linear
CDS interpolation together with a distorted grid and proposed grid refinement or grid smooth-
ing to reduce the error. However, since in complex geometries often it is not possible to have
a ‘nice’ grid all over the flow domain, it is much more desirable that the finite-volume solver
somehow compensates for the shortcomings of the grid.

Recently, Moulinec and Wesseling [3] investigated several interpolation methods to im-
prove the approximation of derivatives at the cell faces on distorted grids in a finite-element
context. For a bilinear interpolation scheme they found significantly improved accuracy and
convergence behaviour compared to linear schemes. Barth and Jespersen [4] and Weiss ef al.
[5] propose different interpolations based on Taylor series expansions.

In the present study an interpolation scheme based on a multi-dimensional Taylor series
expansion is proposed and investigated. It is designed, on the one hand, to preserve second-
order accuracy also on strongly distorted grids without any restriction and, on the other
hand, simultaneously, requiring minimum additional effort compared to the CDS approach.
The scheme is tested for several representative test cases with varying grid quality and its
numerical accuracy is compared to that obtained with the standard CDS.

2. GOVERNING EQUATIONS AND DISCRETIZATION

With no loss of generality we can restrict ourselves to the two-dimensional case, since a
generalization of all considered aspects to three dimensions is straightforward. We consider
a laminar steady flow of an incompressible Newtonian fluid in an arbitrary domain described
by the well-known Navier—Stokes equations:

av;
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where u; are the velocity vector components with respect to the Cartesian coordinates x;, p
is the pressure, v is the kinematic viscosity and p is the density (for simplicity, v and p are
assumed to be constant).

In order to discretize the conservation Equations (1) and (2) a finite-volume method for
general non-orthogonal grids is employed, which is described in detail in Peri¢ [2], Demirdzi¢
and Peri¢ [6], Durst and Schéfer [7]. Here we recall some basics which will be necessary for
the following considerations.

-0 (1)
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Figure 1. Arbitrary quadrilateral control volume (neighbouring points are labelled
according to the compass notation).

Integrating Equations (1) and (2) over an arbitrary quadrilateral control volume (see
Figure 1) and applying the Gaussian theorem gives:

Z / u;n; dSCZO (3)
c S
Ou; u; "1 dp
; /S uju;n; dS, = Z / (@xj 6x,»> dS. — LD o dr 4)
~—_——
FC FD Y4

c ¢

where the summation is performed over the four faces of the control volume (c=e,w,n,s).
The volume integral over the pressure term S? is approximated by the two-dimensional mid-
point rule yielding

1
Py =
s (m),fw 5)

where 6V is the volume of the corresponding CV. The mass fluxes ni., the convective
fluxes F¢ and the diffusive fluxes FP are approximated for each face separately by the
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one-dimensional midpoint rule, which, e.g. for the eastern face, yields

e = (u7),1;0Se (6)

EC = mo(u;), (7

ou; Ou;
((5)+ (5] Jnss: ®

where 0S, denotes the length of the eastern face. Here and in the following, the overbar
denotes an appropriate interpolation of the cell face value by the nodal values. The method
used for this interpolation is the major concern of the present paper and will be discussed in
detail in the next section.

For convenience in the following we use the notations u = u;, v = u; and x = xj,
¥ = x, and examine the discretization of the u-momentum equation noting that corresponding
techniques can be applied in a similar way to the v-momentum equation.

To evaluate the pressure term (Equation (5)) the derivative can be expressed in terms of
grid related coordinates & and #; at point P (see Figure 1). Applying the chain rule one gets

FD

Q

<®>:(%ﬂw+&ﬂ@>:1<@“@5Y@j )
ox Jp 0x 05 Ox o Jp S \Om 0& 0% Om Jp
where

Ox dy  0Ox Oy

_ e et ey 10
=& amoa (10
is the Jacobian of the coordinate transformation (x, y) <> (&, ;). The derivatives of p at node
P in the directions & and #; and the metric terms can be approximated by central differences
involving the values at locations e, w, n and s resulting in the approximation

(ap) r~ (@e—@w)(yn _ys)_(mn _ms)(ye_yw) (11)
Ox P (e =X ) (Y — ¥5) — (n — %) (Ve — Yw)

Note that the denominator of the right hand side of Equation (11) is equal to the volume 6V
of the corresponding CV, such that the resulting approximation of the pressure term S” reads

SV~ ﬁ[(ﬁe_ﬁw)(%—%)—(@n_Es)(ye_yW)] (12)

For the further approximation of the diffusive fluxes £P one can express the derivatives in
Equation (8) in terms of the grid related coordinates &, and 7, (see Figure 1) yielding, e.g.
for the derivative of u in x-direction at the east face, the expression

Ou\ _ (0% Qu  Op Ou) 1[0y ou Oy u (13)
dx ) \0x d&  0x Om ), S \0md& 0& o)
where J, is the Jacobian of the coordinate transformation (x,y) < (&, 1,). The derivatives
of u at point e can be approximated by central differences involving points £ and P for the
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&,-direction and points ne and se for the #,-direction yielding together with a central difference
approximation of the metric quantities:

0
<6Z)€ ~ %[(ME —up)(Vne — Vse) — (Une — thse ) (Ve — ¥pP)] (14)
with

F:(yne_yse)(xE_xP)_(xne_xse)(yE_yP) (15)

Evaluating (0u/dy). and (dv/0x). in the same manner the approximation of the diffusive flux
through the east CV face becomes:

v
P~ = (g = up)[2(0e = yse) + (e = %0 )']

— (), — W) )2(¥E — YP) (Ve — Yse) + (X2 — Xp)(Xne — Xee)]
—[(ve = vP) (e = yse) = (V) = W)V = ¥)N(Xne = Xse)) (16)
Eventually, one can obtain discrete momentum equations of the form:
apup —i-zcjazuc:b”, apvp —l—ZC:a%vc:b” (17)

where C=FE,W,N,S denotes the midpoint of the neighbouring CV. af,af.,a},ai. represent
the corresponding coefficients and b*,b" the source terms of the discrete u- and v-momentum
equations, respectively.

To solve the coupled system of discrete equations an iterative pressure-correction technique
is employed in which again interpolations to the CV faces are necessary. Thus, we also
briefly outline the corresponding parts of a variant of the well-known SIMPLE algorithm
of Patankar and Spalding [8] as a typical representative of such a method. An extensive
description of the applied procedure can also be found in Ferziger and Peri¢ [1]. In a first step
provisional velocity components u* and v* are computed by evaluating the discrete momentum
Equation (17) with an estimated pressure field p*. Calculating the mass fluxes n1. with these
velocities the continuity equation is not fulfilled but leaving a mass source b,, for each CV:

b, v2) =3 m(ug, vl (18)

In a next step corrections u’, v’ and p’ to u*, v* and p*, respectively, are sought such that
the corrected values exactly fulfil the discrete continuity equation. Subtracting Equation (18)
from Equation (3) yields an equation for the mass flux correction which is a function of the
velocity corrections:

> i (ug, 0)) = by(u, v (19)

In the spirit of the SIMPLE algorithm from the momentum equations the following expressions
for the velocity corrections can be derived:

/ /
Up=— 5Vu (ﬁp> and v}:—é—Vv <8p> (20)
pag \ 0x Jp pap \ 0y Jp
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630 T. LEHNHAUSER AND M. SCHAFER

To determine the correction at the CV faces without introducing oscillations due to the colo-
cated CV arrangement the selective interpolation technique of Rhie and Chow [9] is employed,
which, e.g. for the u-velocity at the east CV face, reads:

== (B )i oh) @
Similar formulae result for the other CV faces and for v'. Substituting these expressions into
Equation (19) yields the equation for the pressure correction p'.

The velocities u and v* at the CV faces for assembling the mass source b,, are computed
by rewriting the discretized momentum equations for every computational node, e.g. for the
velocity component u:

u;: al;; <ZC: aguz 4 S ; (@e *@w)(yn — yg) — (@n *@S)(ye - yw)]) (22)

For computing convenience the right-hand side is transformed by using Equation (22) itself
yielding the trivial relation:

1
pap

Since the velocities are needed on the faces of the CV the right-hand side of Equation (23)
has to be interpolated with treating the pressure terms differently. Thus, the pressure weighted
interpolation is obtained (for details see also Miller and Schmidt [10]). For instance, for u}
the corresponding formula reads:

*

1
up=up + pTI%((p)e — () )= 1) —

(e — (2w — W) (23)

=)+ («p)e ~ )0 - m) (=)

I = X% - 24
pat pat )e(PE pp) (24)

Finally, we can introduce Equations (21) and (24) into Equation (19) to get an equation for
the pressure correction p':

ap pp +;aé’pé=bm(u*,v*) (25)

After solving Equation (25) one can use p’ to correct the pressure p* and the velocities u*
and v* (exploiting Equation (20)). Since now the updated velocity and pressure fields fulfil
the continuity equation but not the momentum equations any more the procedure has to be
repeated until both the momentum and the continuity restriction are fulfilled within a given
tolerance.

3. INTERPOLATION SCHEMES
To complete the discretization, for all values noted with an overbar in the deduced equations
of the previous section, i.e. in Equations (6), (7), (12), (16), (21) and (24), an interpolation
from values at the nodal points in the CV centres (subscripted with uppercase letters) has

to be applied. To retain an overall order of two (all other approximations employed are
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IMPROVED LINEAR INTERPOLATION FOR FINITE-VOLUME SCHEMES 631

second-order accurate) the applied interpolation is desired to be also of second order. For this
purpose two principle methods will be considered here: the standard CDS interpolation and
an approach based on a multi-dimensional Taylor series expansion. The description of the
methods is provided exemplarily for the points e and re.

3.1. Central differencing scheme

The frequently used CDS is based on the Taylor series expansion

be=pdp + VEDE + A (f;f) + 4y (gf) + HOT (26)

truncation error

by skipping the terms indicated as truncation error. In Equation (26) HOT denotes higher
order terms and the interpolation factors yp, yg and the coefficients A, 4, are defined by

o \/(xE —Xe)? 4+ (Ve — Yo )?

o 27
” Vg —xp2 + (e — yp)? @7
o N —x P Or—w ) oy ’8
e \/(XE—XP)2+(J’E—)’P)2_ " (28)
Ay = (xp — Xe)yp + (Xg — Xe )Pk (29)
Ay =(yp = y)vp + (Ve — Ye)VE (30)

Formally, the CDS approximation only is of first-order accuracy. Second order is achieved if
both A, and /, vanish, which is equivalent to the geometrical constraints (see Figure 2):

Xp — X, XE — Xe
n —0 (31)
Vp —x )+ e = v VO =%+ (e — 1)
e — Ve YE — Je
+ =0 (32)
\/()Cp _xe)2 + (yP - ye)2 \/(xE - xe)Z + (yE - ye)z

Hence, the CDS interpolation is of second order, only if o; =o,. For grids covering complex
geometries this condition usually cannot be fulfilled throughout the whole problem domain
resulting in a loss of accuracy depending on the severeness of the grid distortion. Note that
in case of o) =0a, the interpolation factor yz is equal to 1 — yp as indicated in Equation (28).
Otherwise the relation holds only approximately but is still used to keep the interpolation
consistent accepting a certain error.

Concerning the interpolation in the corner points of the CV, e.g. point ne, there is no reason
to expect this point in a specific position relative to the computational nodes P, E, etc. Thus,
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Figure 2. Geometrical interpretation of the accuracy of CDS in two dimensions.

one cannot employ the simple CDS as described above. A simple and often employed way
of performing this interpolation is to apply CDS first between £ and P and between NE
and N. Then, the obtained two values can be interpolated again using CDS with a suitable
interpolation factor (e.g. the one corresponding to points P and N). Again, this leads to a
deterioration of the accuracy on distorted grids, while on orthogonal grids second order is
achieved.

3.2. Interpolation using Taylor series expansions

One straightforward possibility to preserve second-order accuracy as well on distorted grids
would be to apply a bilinear interpolation in all cases by taking the exact position of points
e and ne into account. However, this approach has two drawbacks. First, it is ambiguous
which four nodal points should be taken as the bases for the interpolation, since, for instance,
the point e may be located either in the quadrilateral formed by E,P,N,NE or E,P,S,SE
(see Figure 3). Second, the bilinear scheme produces relatively large computational molecules
leading to an increased number of matrix entries or, if the additional entries are treated
explicitly (see e.g. Ferziger and Peri¢ [1]), to an increased number of iterations for solving
the corresponding algebraic equation system. Therefore, one can consider alternative methods
basing directly on a Taylor series expansions.

3.2.1. Review: Existing methods. A Taylor series expansion about point P for e in two
dimensions reads:

bu=r+ =) (52 ) + = om)(55 ) +HOT (33)

where a denotes a point in the vicinity of P, e.g. e, ne. This approach has been suggested

by different authors, e.g. Barth and Jespersen [4], Ferziger and Peri¢ [1] and Weiss et al. [5].
They all proceed by evaluating the gradient at point P by the auxiliary expressions:

eiforn Bleafes o
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se .
Figure 3. Relative location of CV face values to nodal points.

where 2 is the area enclosed by the integration path and n*, n” are the components of the
corresponding surface vector. The approaches of the authors differ in the approximation of the
integral. Ferziger and Peri¢ use Equation (33) to interpolate a value of ¢ to an arbitrary point
within the CV around P. They assume that ¢ can be represented properly on the surface of
the CV and use the approximation:

j{(ﬁn" ds=~>" ¢.08) (35)

Thus, one is again left with the problem to approximate ¢..

Weiss et al. [5] use the same integral approximation (Equation (35)) employing Equa-
tion (33) as an interpolation formula for ¢.. To overcome the problem that ¢. is needed to
interpolate ¢. they use the simple approximation:

der 59 + ) (36)

It is obvious that this approximation leads to a loss in accuracy on distorted grids. Neverthe-
less, we consider this interpolation for a comparison. It is used in the form:

Ge="pPp + VEDE + YW Pw + NN + Vsds (37)

We omit the exact definition of the interpolation factors yc and just note that the relation
between the factors is

vp=1—e+ 7w+ +7s) (38)

Barth and Jespersen [4] propose to integrate for the approximations (Equation (34)) over all
nodes whose CV share a common corner point with the CV around P. Hence, in our case
the integration path would follow the eight computational points E,SE,S,SW,W,NW,N, NE.
On the one hand the approximation of the integral can be performed very accurately since no
interpolation is needed. On the other hand it is very expensive either to perform this integration
whenever an interpolation is needed or to store the eight corresponding interpolation factors.
Additionally, the number of matrix entries would be increased. Therefore, we do not consider
this method here.

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 38:625-645



634 T. LEHNHAUSER AND M. SCHAFER

3.2.2. New approach (TSE). Since all above interpolation methods have their drawbacks, it
is our objective to design a rule which is cheap to apply and as accurate as possible. The
starting point is a Taylor series expansion around point e for an arbitrary point A in the
vicinity of e.

ba =0+ e =) () + e = () + w01 (39)

Neglecting the higher order terms, Equation (39) contains three unknowns, namely the value
¢. and the two derivatives (0¢/0x), and (0¢p/0y),.

Evaluating Equation (39) for at least three known points, e.g. P, E and N, one can eliminate
the two derivatives leading to a formula for ¢,, which may be unsolvable due to geometrical
constraints. Therefore, a better choice is to solve for the derivatives in a first step. For
symmetry reasons we choose the Taylor series expansions for the points P, E, N and S, with
which the derivatives can be approximated by

(52) = s — 9 = 35) = oy = ) = ) (40)
(50) = it = o —30) — (B = )y ) (4n)

with
O =(xg —xp)(yv — ys) — (xy — xs)(Ve — yp) (42)

Note that © describes the area spanned by the vectors pointing from £ to P and from N to S.
Since these two vectors never coincide on structured grids, © always is different from zero.
Substituting Equations (40) and (41) into the Taylor series expansion for point P gives:

Xp — Xe

G~ pp — o [(Pe — dp) (v — ¥s) — (Pv — Ps)(yeE — yp)]

= 2y — )t — ) — (e — ) —x5)) (43)

The approximation provided by Equation (43) is second-order accurate, independent of the
grid. Similar to the expression for CDS it can be rewritten in the form

e = pPp + VY + v Py + Vs Ps (44)

with
7o =1+ gl — 5w — 5) — (3 — 7)oy —x5)] (45)
VE = é[*(xp =X )N — ¥s) + (¥ — Ye )Xy — xs)] (46)
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v = gl %) — vp) — O — 7)o — ) (“7)

15 = L — %) (e — o) + (3 — 3 )ee — )] (48)

Observe that ys =1 — yp and ys = —7y.

For the interpolation of the corner value ¢,, a formula similar to Equation (44) can be
derived, where again the values at the points P, £, N and S serve as the basis for the
interpolation. In this case the corresponding interpolation factors read:

o =1+ g l0r — 5 )0~ 35) = O — ooy — 35)] (49)
T = gL — ) — )+ (o~ ae)ow — 3] (50)
= g0 — %) = 3) = O = ez — )] (5
i = -G — 1) — )+ O = 1) — ) (52)

Again the factors follow the correlations yz =1 — yp and ys = —yu.

4. NUMERICAL RESULTS

To investigate the accuracy of the TSE scheme and compare it to the other schemes indicated
in the previous section, two test cases (Sections 4.1 and 4.2), for which analytical solutions
are known, as well as a more practical example (Section 4.3) are considered.

To quantify the accuracy of the schemes an error is evaluated by the volume weighted
summation of the mean errors at all computational points:

1 (z)anal tical — (pnumcrical
E,=-=> oV Y 53
¢ or % ¢analytical ( )

where 0V is the volume of the corresponding CV and oI is the volume of the whole problem
domain. Orders of convergence are either evaluated from

E2h
p= log<Eﬁl>/log2 (54)
¢

o4 _ g2h
where ¢ denotes a characteristic value and the superscripts 44,2k,4 indicate successively
refined grids.

or
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Details of the overall numerical solution procedure employed are given in the paper by
Durst and Schéfer [7]. In particular, to enhance the diagonal dominance of the system matri-
ces the convective fluxes are implemented via a deferred correction approach [11], where the
second-order parts of the flux approximations are treated explicitly and only the first-order
upwind parts are treated implicitly. The employment of a flux-blending coefficient (FBC)
offers the opportunity to select either the first-order method (FBC=0), the second-order
method (FBC=1) or a blending of both (0 <FBC<1). Note that a value for FBC differ-
ent from 1 is only considered for the example in Section 4.3.

4.1. Stagnation flow

As a first test case we consider the stagnation flow in a unit square [0, 1]? also discussed by
Peri¢ [2]. The analytical solution of the problem is given by

u=x  o()=-y  pEy)=po— S+ (56)

where p, is the pressure at the stagnation point (x, y)=(0,0). Figure 4 illustrates the dis-
tribution of the isobars and the streamlines for the flow. The isobars correspond to circles
around the stagnation point. We solve the problem numerically on the three types of grids
shown in Figure 5 (see also Peri¢ [2]). The first represents a uniform Cartesian grid, which
is the obvious choice for a quadratic domain. The second grid includes sharp changes of grid
line directions representing a typical class of grid distortions, which can usually be found
in any structured grid for complex geometries. The third grid is randomly distorted in both
coordinate directions. While the uniform Cartesian grid satisfies the conditions for the CDS
interpolation to be of second-order accuracy, the distorted grids do not.

Applying CDS on the systematically distorted grid with different spatial resolutions (with
10 x 10, 20 x 20 and 40 x 40 CVs) one obtains the pressure distributions given in Figure 6.
It is obvious that in the vicinity of the kinks in the grid lines the isobars are strongly de-
teriorated. With grid refinement the error zone becomes narrower, but the general behaviour
does not improve. Using the interpolation of Weiss et al. [5], as expected from theory, the
situation does not improve significantly (see Figure 7). Figure 8 shows the isobars obtained

\ \ NN N N

A X \ \

\ AR !
\ S\ N\ N
\ \ N \\
\ AN
\ : -
X ‘4

N
Q . e,

Figure 4. Analytical distribution of isobars and streamlines for the stagnation flow.
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\
\
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Figure 5. Uniform Cartesian grid (I), systematically distorted grid (II) and randomly distorted grid
(IIT) for the stagnation flow problem.

N

\

/\7 \\%

Figure 6. Isobars for the stagnation flow problem on three successively refined grids
(distorted grid II) calculated with CDS.

4

Vb /

Figure 7. Isobars for the stagnation flow problem on three successively refined grids (distorted grid II)
calculated with the interpolation of Weiss et al. [5].

on the systematically distorted grids (with the same resolutions as above) when using the
TSE interpolation. One can see that the grid geometry does not noticeably affect the accuracy
of the solution.

To quantify the accuracy of all three interpolation schemes in Tables I and II the mean
relative errors for the velocities and the pressure for the grid setups I and II with different
resolutions are summarized. The error on the Cartesian grid using CDS interpolation is already
small on the coarsest grid and is reduced remarkably with every refinement. Employment of
CDS on the distorted grid leads to severe losses in accuracy. In particular, the error for the

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 38:625-645
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N

Figure 8. Isobars for the stagnation flow problem on three successively refined grids
(distorted grid IT) calculated with TSE.

Table 1. Relative error of u-velocity E, obtained with all three interpolations on grids I and II
(in per cent) and order of convergence for the stagnation flow problem.

CDS Weiss TSE
Grid 11 Grid 1I
Ccv Grid 1 Grid 1I
10 x 10 20x 107 1.9x 1072 9.8x 1073 46x107*
20 x 20 25%x 1073 63 x 1073 34 %1073 54 %1073
40 x 40 3.1%x107° 21%x1073 1.1x1073 6.6 x107°
80 x 80 40x 1077 6.5x107* 3.7%x1074 8.6 x 1077
160 x 160 6.4x 1078 21%x107* 127 x 10~* 1.2x 1077
Order 2.6 1.6 1.6 2.8

Table II. Relative error of the pressure E, obtained with all three interpolations on grids I and II
(in per cent) and order of convergence for the stagnation flow problem.

CDS Weiss TSE
Grid 11 Grid 11
Ccv Grid I Grid 11
10 x 10 1.1 x 107! 1.1 x10° 9.7x 107! 6.5 x 1072
20 x 20 3.0x 1072 99 x 107! 9.4 x 107! 29x1072
40 x 40 8.1x1073 9.4 x 107! 93 x 107! 62x 1073
80 x 80 22x%x1073 9.1x 107! 9.2 x 107! 1.7%x 1073
160 x 160 6.0x 1074 9.0x 107! 92 x 107! 49 %1074
Order 1.9 0.0 0.0 1.8

pressure with about 90 per cent is very high. The velocities are not predicted that badly,
although the error is several orders of magnitude higher than in the Cartesian case. The same
statement holds for the interpolation of Weiss et al. [5] although the error is reduced slightly.
The situation changes when using the TSE interpolation. The mean errors for both grid types
are of the same magnitude. In Tables I and II also the rates of convergence for the velocity

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 38:625-645
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.

¥

Figure 9. Isobars for the stagnation flow problem on a randomly distorted grid
calculated with CDS and TSE.

and pressure is given. Due to the linear distribution of the velocities the leading error term
in the momentum equations is of third order. Therefore, we expect an order of three for the
velocity although the employed scheme only has an overall order of two. In the Cartesian
case we nearly obtain the estimated orders of convergence for velocity and pressure. With the
distorted grid one observes a severe loss in the order of convergence, in particular, for the
pressure, for which the order is close to zero. As expected, the application of TSE preserves
the order on the distorted grid.

Finally, we present the results of the stagnation flow problem on the randomly distorted
grid III with CDS and TSE. We omit the interpolation of Weiss et al [5] here and in
the following since, as shown before, it does not improve the situation on distorted grids
significantly compared to CDS. Figure 9 presents the isobars on a grid with 40 x 40 CVs. As
expected the TSE yields a perfect result while CDS suffer from its deficiencies.

4.2. Channel flow

To study the accuracy of the interpolation practices for systematically varying grid quality the
laminar Poisseuille flow in a plane channel is considered. The analytical solution reads

u(y) =4 uma (1= 3)5.  v=0,  p(x)=po—8vp"x (57)
where /4 is the channel height, un.x is the maximum velocity and p, is an arbitrary constant.
The problem parameters are chosen to yield a Reynolds number of Re =200 based on the
channel height.

Again, of course, the natural choice for this problem is a Cartesian grid. To investi-
gate the error due to grid deficiencies three systematically distorted grids are employed (see
Figure 10). The grid distortion is characterized by the maximum angle o between the grid lines
and the channel walls, for which the values o« =14°,26°,36.5° are considered. The Cartesian
grid corresponds to o=0°. In Figures 11 and 12 the pressure distribution and the velocity
distribution along the channel at y =0.7438% using both interpolation practices CDS and TSE
are presented. The section shown in the direction along the channel corresponds to the first
grid line deviation from the horizontal. Using the CDS interpolation the pressure as well as
the velocity deviates more and more from the analytical solution with increasing grid distor-
tion. Even small distortions as for « = 14° cause remarkable shortcomings in the numerical
solution. Compared to that the pressure distribution on the distorted grids calculated with the
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Figure 10. Systematically distorted grids for the channel flow.
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Figure 11. Pressure and velocity distribution for the channel flow computed on a
grid with 160 x 80 CV with CDS.
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Figure 12. Pressure and velocity distribution for the channel flow computed on a
grid with 160 x 80 CV with TSE.

TSE interpolation fits very well the analytical solution. The velocity distribution still includes
observable errors due to the grid distortion but compared to the CDS case they are reduced
by a factor of five.
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Table III. Relative errors of velocity obtained with both interpolations (in per cent) on systematically
distorted grids and orders of convergence for the channel flow problem.

o=14° o=26° o=236.5°
CvV CDS TSE CDS TSE CDS TSE

40 x 20 78x 1072  57x1072  15x107"  78x1072 25x107! 1.1x 107!
80 x 40 21%x1072  15x1072  45x1072 20x107%2 74x107% 27x1072
160 x 80 62x107%  37x107% 16x1072 50x107% 27x1072 69x1073

Order 1.8 2.0 1.5 2.0 1.4 2.0

symmetry

k) )

3 |E E

o

297

e 15 nosip
2100

Figure 13. Problem configuration for turbulent flow around a car (lengths indicated in millimeters).

In Table IIT the global errors for u on the distorted grids using CDS and TSE are sum-
marized for different grid sizes together with the corresponding orders of convergence. Using
CDS the order deviates more and more from two with increasing grid distortion, while the
employment of TSE ensures that the second order is preserved independent of the grid. Al-
though also with TSE the absolute values of the global error depend on the angle of distortion,
in all cases the values are smaller as with CDS, where due to the reduced order of CDS the
difference also increases with the grid size. On the grid with o =36.5° with TSE one gets the
same global accuracy with 40 x 80 CV as with CDS with 160 x 80 control volumes.

4.3. Flow around a car model

As a more practical test case for the comparison of both interpolation schemes we consider the
turbulent flow around a two-dimensional car model, which was already investigated numeri-
cally and experimentally by Angelis [12]. The problem geometry is illustrated in Figure 13.
At the inlet a measured turbulent mean velocity profile with maximum (averaged) velocity
Umax = 15ms~! is chosen (see Angelis [12]). The other boundary conditions are: a symmetry
condition at the top, a zero gradient condition at the outlet and a no-slip condition at the
bottom and around the car. The fluid parameters are that of air giving a Reynolds number
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Figure 14. Streamlines for turbulent flow around a car.
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Figure 15. Section of numerical grid for turbulent flow around a car.

of Re=338000 based on the length /=0.297 m of the car. The turbulence is accounted for
by employing the standard k—e model with wall functions (see Launder and Spalding [13]).
The inlet values for x and & are set according to xk=0.01u> and ¢=r*?/I. The flow pat-
tern is indicated in Figure 14 showing the streamlines in the area around the car. In the
discretization of the transport equations for x and ¢ the same techniques as described for the
momentum equations are applied, in particular, for the necessary interpolations of values of
x and ¢ to the CV faces either CDS or TSE is employed. Computations are performed for
three successively refined grids with 2774 CVs, 11096 CVs and 44384 CVs. In Figure 15
the coarsest numerical grid in the critical region around the car is shown. Note that the grid
can be considered to be of rather good quality without much distortion with respect to or-
thogonality. To see in particular the influence of the considered interpolation practices with
respect to the approximation of the convective fluxes in a convection dominated flow two
flux-blending coefficients are considered: FBC = 0.0 representing a first-order upwind approx-
imation, i.e. neither TSE nor CDS will be employed in the discretization of the convective
fluxes, and FBC = 0.9 resulting in a discretization close to second-order using either TSE or
CDS (for higher FBC values convergence problems arise). Figure 16 shows the distributions
of the pressure in the rear of the car computed on the finest grid employing TSE and CDS
with FBC =0.9. Although the grid quality is good, locally the pressure is disturbed apparently
when employing CDS. Globally, the pressure distributions do not seem to differ too much.
However, the drag coefficient, which plays an important role in automotive engineering, can
be influenced remarkably even by minor changes in the pressure field. To see this Table IV
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|

Figure 16. Isobars at the rear of the car obtained with TSE (left) and CDS (right) and 0.9
for the flux-blending coefficient.

Table IV. Drag coefficients, grid-independent solutions (GIS) and orders of convergence
with TSE and CDS for two different flux-blending coefficients FBC.

FBC=0.0 FBC=09
Ccv TSE CDS TSE CDS
2774 0.5944 0.6212 0.4773 0.4868
11096 0.4920 0.5149 0.4148 0.4280
44384 0.4480 0.4642 0.3972 0.4093
GIS 0.4148 0.4179 0.3903 0.4006
Order 1.2186 1.0681 1.8283 1.6528

presents the values for the drag coefficient computed from the results with both interpolation
practices and the two different flux-blending coefficients. Additionally, for every set of para-
meters the order of convergence and the corresponding extrapolated grid-independent solution
is given. The resulting numerical errors for the different grids based on a comparison with the
respective grid-independent solution are given in Figure 17. For FBC =0.0 the order is close
to one for both interpolation schemes. While the grid-independent solution is nearly the same,
the computed values on the successively refined grid levels differ due to the slightly higher
value for the order of convergence when using TSE. Employing FBC=0.9 with TSE yields
an order of convergence of nearly 2, while CDS again suffers from the grid deficiencies. In
summary, also for this test case the advantage in accuracy of TSE over CDS is clear.

Finally, to compare the computational costs with TSE and CDS the CPU time for one
pressure correction cycle is measured where three linear system relaxations of the momentum
equations and the equations for x and ¢ and relaxations on the pressure correction equation
are performed. The results are summarized in Table V. As the storage cost, the computational
cost for one cycle increases only by about 10 per cent on every grid level.
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Error

G—O TSE - FBC 0.9
—8 CDS - FBC 0.9
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=8 CDS - FBC 0.0

2774 11096 44384
Ccv

Figure 17. Numerical error in the drag coefficient obtained with TSE and CDS for
two different flux-blending coefficients.

Table V. CPU time spend for one pressure correction cycle and until convergence
using CDS and TSE in seconds on a SUN ULTRA/1 workstation.

(6AY CDS TSE Factor
2774 2.0130 x 10! 2.1742 x 107! 1.08

11096 7.3840 x 107! 8.0643 x 107! 1.09

44384 29191 x 10° 3.1939 x 10° 1.09

5. CONCLUSIONS

Since the CDS interpolation is only first-order accurate on distorted grids, the overall accuracy
of an otherwise second-order scheme employing this kind of CV face interpolation is reduced
significantly when the grid has irregularities. Even more severe than the global loss in the
order of convergence is the local error in the vicinity of a grid distortion. In particular, the
pressure distribution, which in many engineering applications is a most important quantity
(e.g. for lift and drag computations), is very sensitive to this effect.

It was shown that an overall second-order accurate scheme, independent of any grid distor-
tion, can be achieved by using the considered TSE interpolation. Since the scheme preserves
the sparsity pattern of the computational molecule, it is only slightly more expensive with
respect to computational effort as compared to the CDS scheme. Also the local errors near grid
distortions become much smaller with this scheme. Thus, with the TSE interpolation a simple
and efficient method for interpolations to CV faces is provided, which ensures second-order
accurate numerical solutions also when the numerical grid has deficiencies, which usually are
unavoidable when dealing with complex geometries.
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